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Abstract—A robust line impedance identification method is pre-
sented in this paper. It determines the characteristic impedance of
on-wafer thru–line–reflect (TLR) standards measured after an ini-
tial off-wafer line–reflect–match or TLR calibration. The only as-
sumption made is that the obtained trans-wafer error boxes are
a cascade of a symmetric probe-related disturbance and a change
in reference impedance. The proposed method yields an unbiased
estimate of the complex characteristic impedance. Results from
coplanar lines on a medium resistivity silicon substrate support the
made assumption.

Index Terms—Coplanar waveguides, impedance measurement.

I. INTRODUCTION

T HE thru–line–reflect (TLR) method is often the most
feasible on-wafer calibration technique since it only

requires two lines of a different length [1]. A drawback is
that the recovered reflection parameters are at an unknown
reference impedance, set by the characteristic line impedance.
An indirect determination using the propagation constant is
only possible for low-loss substrates [2].

Calibration comparison methods measure on-wafer TLR
standards after an initial off-wafer calibration at a known
reference impedance. The obtained trans-wafer error boxes are
then identified with an equivalent circuit, modeling the contact
geometry and substrate change, and a transformer [3], [4]. This
transformer accounts for the change in voltage over the virtual
two-port junction if the reference impedance at both ports is
chosen equal. An example is the waveguide -plane
step junction [5, p. 162], where the port impedance is chosen
and the modal voltage is determined from power consistency.
For ideal transmission-line discontinuities, it is, however, more
physically consistent to assume a constant voltage over the
junction. This condition determines the port 2 modal voltage,
reference impedance, and removes the transformer.

Both interpretations result in the same voltage normalized
-parameter values if the transformer ratio . The
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normalization follows implicitly from the reciprocity condition
as

(1)

shows.

II. RECIPROCITY

Reciprocity of a two-port junction is a necessary condition
for the determination of the forward and reverse trans-
mission if only their product is known, as obtained from,
e.g., short–open–load (SOL) or TLR calibration techniques.
Equating both quantities [5, p. 159] is not always valid [6].

The voltage -parameter circuit representation is a compact
way of describing an underlying field problem. A normaliza-
tion relates the field with a macroscopic incident and reflected
voltage or current. For TE or TM modes in a reciprocal uniform
medium, the fields at portsatisfy [5, p. 72]

(2)

with being the -independent modal fields and
being the two wave amplitude constants. An arbitrary
transversal field follows from

(3)

(4)

with and being the modal voltage and current. The wave
voltages at port, and determine the field since

(5)

holds from (2).
The Lorentz reciprocity theorem [5, pp. 57–59, 159] applied

on a two-port source-free junction, e.g., Fig. 1, imposes a con-
dition on the incident and reflected fields. The Lorentz integral

d (6)

reduces to the two terminal planes if the remaining enclosing
surface is characterized by a scalar surface impedance or is in-
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Fig. 1. TE E-plane step waveguide junction as an example of a reciprocal
microwave circuit.

finitely far away. Choosing current sources outside of the junc-
tion such that , experiment , and such that ,
experiment , and substituting with (3)–(4) yields a reciprocity
factor

d (7)

and with (5) results in

(8)

which agrees with [6, eq. (22)]. The dependence of the
reciprocity ratio is removed using the normalized quantities

, which yields

(9)

with the “voltage” normalized -parameters. Note that cal-
culating implicitely chooses

.
The power carried by the forward modal field agrees with the

macroscopic voltage current power if

d (10)

holds. This power consistency determines the phase of[7]
and sets to unity for TE or TM modes if are in-phase
with . A line integral defining or a contour integral
defining , for TM or TE modes, in the -plane satisfies this
condition.

III. ERRORBOX NORMALIZATION

A trans-wafer error box relates an off- to on-wafer calibration.
The reciprocity ratio is calculated assuming an initial coaxial
calibration. Performing an off- and on-wafer calibration deter-
mines two sets error boxes, i.e., and with , and
two sets deembedded-parameters, i.e., and . The data
satisfies

(11)

with being the cascade operator, the reversing overbar as

(12)

Fig. 2. TLR error-box port numbering. The port 2 reference impedance is set
by the line impedance.

and the port numbering from Fig. 2. Rewriting (11) gives

(13)

with being the -parameter deembedding matrix. The ma-
trices

(14)

describe the on- to off-wafer-parameter transformation. The
reciprocity ratio of these trans-wafer error boxes is

(15)

using the port numbering in Fig. 2 and the normalization from
(9). The ratio is unity if the off- and on-wafer factors are
equal, and is independent of the coax calibration.

Linear calibration algorithms, e.g., TLR and line–re-
flect–match (LRM), recover the reflection coefficients and an
estimate of

(16)

(17)

for the transmission coefficients [8]. The ratio

(18)

is also determined. This seven-term linear calibration is con-
verted into an eight-term absolute calibration through the es-
timation of one factor. A solution, for reciprocal error boxes
with a reciprocity ratio of unity, is to determine such that

, thus choosing voltage normalized-parameters.
An exact solution requires that (18) equals unity. A practical ap-
proach is to distribute the error over and using

(19)

(20)

The sign is chosen such that the obtained value approx-
imates , where is an adaptive estimation from previous
frequency points with an initial value zero. The reciprocity error

is typically lower than 10 for good measurements.

IV. ERRORBOX IDENTIFICATION

The trans-wafer error box is modeled by a sym-
metric probe related disturbance cascaded by a change in
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(a)

(b)

Fig. 3. Error-box model used for the characteristic impedance identification.
(a) Equivalent circuit. (b) Reflection-parameter-based model. TheS-parameter
response follows from the cascade of a symmetric probe related disturbanceS

and an impedance change fromZ to Z .

reference impedance from to (see Fig. 3). The -param-
eters follow from

(21)

(22)

with being the response of a thru in a
environment. Equating simulated and measured-parameters
for error boxes yields real equations

...

...

(23)

of which is independent due to reciprocity. There are
real unknowns since is known and is equal for all error

boxes.
The linearization of in the solution reveals the sensitivity

information. The Jacobian is rewritten as by the
singular value decomposition, with and

being orthonormal and being a diagonal matrix of
singular values . From

(24)

it follows that the penalty for adding to the solution
is given by . Table I summarizes the results for one
trans-wafer error-box modeling a coplanar waveguide (CPW)
discontinuity at 10 GHz. The estimation of is decoupled from
the probe parasitics , which is true as long as the probe dis-
turbance is small. The singular values indicate thatis more
sensitive for the probe-related unknowns. A noticeable faster
convergence of the Newton–Rhapson zero solving algorithm for

, compared to , may thus be explained.

TABLE I
VECTORS~v AND THEIR ASSOCIATEDSINGULAR VALUE FOR THELINEARIZED

ONE ERRORBOX IDENTIFICATION PROBLEM. MEASUREDS-PARAMETERS AT

10 GHz FROM THE STRUCTURES INFIG. 10 WERE USED. THE IDENTIFIED

EXACT SOLUTION IS Z = 51:7 + j7:6
, S = �0:01� j0:01
AND S = 0:98� j0:02, IF Z = 50


Fig. 4. rms cost of the bidirectional search method. A clear distinct minimum
with equal sensitivity for the real and imaginary parts is centered around the
least squares solutionZ = 51:7+ j7:6. The two error-box experimental data
are from the structures in Fig. 10 at 10 GHz.

(a) (b)

Fig. 5. Typical probe standards present on a coplanar LRM calibration
substrate. The recoveredS-parameters are: (a) at a reference plane in the center
of the thru. The reference impedance is set by: (b) the probe-tip load response
calculated at the reference plane.

V. BIDIRECTIONAL SEARCH

The iterative solution of searches for all unknowns
simultaneously and is a forward-search method. Direct-extrac-
tion backward-search methods calculate unknown per unknown
from selected measurements. A bidirectional-search approach
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Fig. 6. Probe-tip LRM calibration corrects for a nonzero-length thru by
shifting the reference plane from the center of the thru to the probe tip.
Numerically, the zero-length thru error box (left-hand side) is cascaded
by a negative delay transmission line (right-hand side). This correction is
approximative ifZ 6= Z , but does not change the reference impedanceZ .

(a)

(b)

Fig. 7. (a) Extracted line impedance using the new technique and the
TLR/match method. (b) Series inductance of the virtual load at the reference
plane in the center of a 197.4-�m thru with l = 25:4 �m for the two
methods. This inductance models the probe tip to reference plane offset error.
The load itself is assumed equal to 50
. The error boxes were calculated using
an initial probe-tip LRM calibration as a reference, followed by a multiline
TLR on the same alumina calibration substrate.

[9] was implemented to exploit the sensitivity difference and to
reduce the number of unknowns from to 2. The line
impedance is the ordinary optimization unknown, and the
probe disturbance is extracted as follows: for every port

1) calculate and from , with
;

2) recover the probe response from the measurements
using ;

Fig. 8. Extracted probeL andC, averaged over error boxa andb, for the
LRM/TLR trans-calibration error boxes. The probe-tip LRM and TLR were
performed on the same alumina calibration substrate. Remaining parasitics
result from the approximate probe-tip LRM and measurement error.

Fig. 9. Comparison of the phase of the extracted line impedance using the
new technique and the propagation constant method. The rmsS-parameter
difference between the model and measurement is also shown. The TLR
standards consist of six CPW lines (50/25/200�m strip/slot/ground-plane wide
and 197.4, 432.9, 870.9, 1736.8, 1736.8, 3383.1, 5080�m long) fabricated
on an alumina substrate. An initial probe-tip LRM calibration was used as a
reference.

3) extract a better estimate with

(25)

; (26)

4) calculate ;
5) evaluate (23) and add the eight results to.
Repeating this procedure times yields equations. The

condition of the linearized problem reduces to unity, indicating
equal sensitivity for the real and imaginary parts of. The
internal condition is, however, unchanged and the probe-related
unknowns are still extracted with higher accuracy. The cost
function for two trans-wafer error boxes (Fig. 4) shows a
well-defined minimum. Robustness and convergence speed
improve due to the efficient estimation (25) of the usually low
probe reflections.
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(a) (b)

(c) (d)

(e) (f)

Fig. 10. (a) Line loss, delay, and the series and parallel loss calculated from the telegrapher’s equation. (b) Estimated line impedance and error-box fit cost.
(c), (d) Extracted lineL; C andR; G, tg�. (e), (f) Total extracted probeL; C andR; G averaged over error boxa andb. All plots are for 0.5-�m-thick Al
15/11/183�m coplanar lines separated from a 5-S/m Si substrate by a 1-�m-thick dielectricum. The lines were 100-, 340-, 1300-, and 6300-�m long.

VI. LRM OFFSETCOMPENSATION

Calibration comparison methods rely on the accurate knowl-
edge of the off-wafer reference impedance since only the
ratio is independently estimated as follows from, for ex-
ample, (22). Off-wafer LRM is broad band, but high-frequency
accuracy is limited by the imperfect match standard. Moreover,
most coplanar calibration substrates use a nonzero-length thru

combined with probe-tip loads, as shown in Fig. 5. This offset
change introduces an error if the thru line and load impedance
differ. The LRM algorithm employs a match standard to deter-
mine the error-box port-1 reflection (see Fig. 2). Further
completion establishes a port-2 reference plane in the center of
the thru if its delay is assumed to be zero. By definition, the cal-
ibration reference impedance is the load by which port 2 is
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terminated such that the input reflection equals . Thus,
is the match impedance recalculated at the reference plane.

A probe-tip LRM calibration uses a specified delay and loss to
shift the reference plane from the center of the thru to the probe
tip. The thru is assumed reflection free and fully characterized
by its total propagation constant. Actually, the algorithm cas-
cades the zero length thru error box (see Fig. 6) by a negative
delay transmission line at port 2. The zero reflection assump-
tion sets the characteristic impedance of this line equal to.
This correction is approximative if the thru line impedance
differs from , yielding remnant probe parasitics, but the ref-
erence impedance remains unchanged.

In both cases, the LRM reference impedanceequals the
match impedance calculated at the reference plane in the
center of the thru. For a probe tip-load, follows from a cas-
cade of a negative length thru line terminated in. The match
impedance relates to measured at position
along the thru line using the deembedding formula

(27)

with

(28)

The unknowns and are obtained from an LRM followed
by a TLR calibration on the same wafer, with all lines equal in
transverse geometry. Impedance identification applied on these
LRM-to-TLR trans-calibration error boxes yieldsand via
(27). The estimation of via is independent of the
offset error between the match and the thru reference plane. A
virtual load response then follows from .

An alternative approach is to perform a TLR calibration and
to contact the match standard. This TLR/match method mea-
sures the normalized impedance, and then follows from
(27). Both methods allow for the determination ofand if

is known.

VII. EXPERIMENT

The network analyzer was calibrated by an off-wafer
probe-tip LRM calibration on a Cascade 101-190 coplanar
alumina substrate. The thru loss and delay, i.e., 32 G/s and
1.13 ps, were estimated from the available lines. A multiline
TLR was used to calculate the LRM-to-TLR error boxes. The
effect of the match offset error was estimated by setting the
probe-tip load to 50 (see Fig. 7). The resulting error, a load
inductance of about 0.5 pH around 14 GHz, is limited to

below 35 GHz. Agreement of the results from the new
and TLR/match method supports the made assumptions. Also,
the low probe parasitics present in the LRM/TLR trans-cal-
ibration error boxes show that the probe-tip LRM, although
approximative, is quite accurate (see Fig. 8).

A comparison of the line-impedance phase estimated from
the new technique and the propagation constant method of [2]
(see Fig. 9) validates the new approach for low-loss substrates.

The remaining difference may result from an inadequate
error-box model (here, probably above 35 GHz), an increase
in dielectric loss, assumed zero in [2], or non-TE or non-TM
behavior, which invalidates (1).

The on-wafer calibration structures consist of 0.5-m-thick
Al 15/11/183 m, strip/slot/ground plane, coplanar lines
of 100-, 340-, 1300-, and 6300-m long, separated by a
1- m-thick dielectricum from a 5-S/m Si lossy substrate.
Multiline TLR was performed to obtain the error-box data.
Fig. 10 summarizes the results, which are consistent with [10].
Especially the low-frequencyRC behavior, up to 1 GHz, and
the high loss transition between the slow-wave and dielectric
quasi-TEM mode, at 3 GHz, is clearly visible.

The series and parallel loss was calculated from

(29)

(30)

which holds if and since

(31)

(32)

is then valid. The error in (30), for the data presented here, is
below 1.5% above 1 GHz.

VIII. C ONCLUSION

A robust line-impedance identification method has been pre-
sented in this paper. The method compares two calibrations and
assumes that the difference is a symmetric error. Thus, any non-
symmetry is attributed to a reference impedance change. The
method is reflection parameter based and avoids any transfor-
mation into chain or transmission parameters.
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